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The Four Color Conjecture (4CC) is shown to be equivalent with the existence 
of absolute retracts in the class B of all planar graphs and also with some other 
conditions on the class 8. Assuming the 4CC is true, we determine ah absolute 
planar retracts. A possible argument for the decidability* of the 4CC is discussed 
and proved to be equivalent to the 4CC itself. 
1. 
We shall consider planar graphs in the sense of [I, p. 1021 as finite 
undirected graphs without loops or multiple edges which can be embedded 
in the plane. Let 9 denote the class of all planar graphs. If G, HE 9, a 
homomorphism f: G -+ H is a mapping of the vertex-set V(G) into V(H) 
which preserves adjacency, i.e., (g, g’) E E(G) =- (f(g),f(g’)) E E(H). The 
graph with verti=s VW: g E v(G)> and edges {(f(d,fW):(g,g’) E E(G)), 
denoted by f (G), is a subgraph of H and is called the homomorphic image 
of G under J A homomorphism f: G -+ H such that f is one-to-one on 
V(G), V(f(G)) = V(H) and @f(G)) = E(H), is called an isomorphism 
(these coincide with the isomorphisms of [I, p. IO]). Let [G] denote the 
isomorphism class of G, i.e., the class of all graphs isomorphic to G. The set 
of all automorphisms of G (i.e., isomorphisms G --f G) is denoted by 
Aut G, the set of all endomorphisms of G (i.e., homomorphisms G + G) 
by End G; clearly, Aut G C End G. 
Let G E 9 be a subgraph of HE 9; G is a retract of H if there exists a 
homomorphism (called retraction) r: H -+ G such that r(g) = g for all 
g E V(G). An absolute planar retract (briefly an absolute retract) is a graph 
G E 9’ which is a retract of any planar graph of which it is a subgraph. 
Some standard properties of retracts and absolute retracts are studied 
in [2-41; these are concerned with extensions of homomorphisms (in 
particular, of colorings), products of graphs, injective and projective 
objects, etc. 
* Here we use the word decidability in a nontechnical sense which will be clear from 
the context. 
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Remark. When investigating retractions in the various classes of 
graphs ([2-4]), we observed that for any retraction r: H ---f G, the distances 
in Hand G satisfy 
(4) dH( g> g’) = dd g> g’) 
for all vertices g, g’ of G. An A-absolute retract of a class g of graphs is 
a graph G E %? which is a retract of any HE %’ for which G is a subgraph of 
H satisfying (A). 
Although in general we are interested in the d-absolute retracts of a 
class V, for the class B of planar graphs they are completely described by 
the absolute planar retracts: 
3 is an A-absolute retract of B if and only if each component of c?? is an 
absolute planar retract. 
The proof of this assertion is rather lengthy and may be found in [2]. 
2. 
Let K, denote the complete graph with vertices 1,2,..., n. Note that each 
n-coloring of G is a homomorphism G -+ K,, and vice versa. 
Let 52 be the class of all planar graphs satisfying 
(i) G is maximal planar. 
(ii) In an embedding of G in the plane, any triangle bounding a face 
of G belongs to a subgraph of G isomorphic to K4. 
Each absolute retract G belongs to Sz. Indeed, if one can add an edge 
to G without destroying its planarity, then G is not a retract of this 
augmented graph, thus (i) holds. If in an embedding of G, the triangle abc 
is the boundary of a face, then the graph H obtained from G by the 
addition of a new vertex 0 and the edges (0, a), (0, b), (0, c) is planar. If 
r: H --+ G is a retraction, then r(O), a, b, c form a subgraph of G isomorphic 
to K4 , so (ii) holds. 
We note that, in particular, each absolute planar retract is 3-connected 
and uniquely embeddable ([l, p. 1051). 
A simple planar graph (briefly a simple graph) is a graph G such that 
each homomorphism of G into any HE B is one-to-one on V(G). (This 
terminology agrees with the accepted algebraic notion-G E B is simple 
if each “planar congruence” on G is trivial.) For example, KI , K, , K3 , K4 
are simple graphs. It turns out that either there are no other simple graphs 
(up to isomorphisms) or there are infinitely many nonisomorphic simple 
graphs; cf. Theorem 1. 
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Each simple graph is maximal planar. If, in fact, an edge (g, g’) could be 
added to G without destroying its planarity, then there would be an 
embedding of G in the plane in which g, g’ lie on the boundary of the same 
face. Let G’ be obtained from G by the deletion of g and the replacement 
of each edge (g, h) E E(G) by (g’, h) E E(G’). Then G’ is planar, for in the 
above embedding of G, the deletion of g permits all the new edges to be 
accommodated. Moreover, f: G -+ G’ defined by f(g) = g’, f(h) = h for 
all h # g, is a homomorphism, and f(g) = f( g’); thus G is not simple. 
A weakly terminal planar graph is a graph G c B such that each HE 9’ 
admits a homomorphism H -+ G. (It is common to call an object 0 
terminal if each object 0’ admits a unique homomorphism 0’ -+ 0.) Note 
that each absolute planar retract G is weakly terminal: If H is a planar 
graph, then so is the disjoint union U of G and H. Then the restriction of 
any retraction U --+ G to H is a homomorphism H + G as desired. 
THEOREM 1. The following statements are equivalent: 
(1) Every planar graph is 4-colorable (4CC). 
(2) The set of all isomorphism classes of simple planar graphs is 
finite. 
(3) There exists a weakly terminal planar graph. 
(4) There exists an absolute planar retract. 
Proof. We shall prove (1) * (2) 3 (3) * (4) * (1). 
If every planar graph is Ccolorable, i.e., admits a homomorphism into 
Kp , then no simple graph can have more than 4 vertices and [KJ, [K,], 
[KJ, [KJ are the only isomorphism classes of simple graphs. 
Let [S,], [S,],..., [S,] be the set of all isomorphism classes of simple 
planar graphs. Let G be a planar graph, and let HE B be a homomorphic 
image of G which has the minimum number of vertices among all homo- 
morphic images of G. Then H is simple. Hence each planar graph has a 
homomorphic image which is a simple planar graph. Therefore each G E 9 
admits a homomorphism onto some Si, and the disjoint union of the Si is 
a weakly terminal planar graph. 
Let there exist weakly terminal planar graphs, and let G have the 
minimum number of vertices among all weakly terminal planar graphs. 
Then End G = Aut G. Indeed, for any f o End G - Aut G, the homo- 
morphic image f(G) is a weakly terminal planar graph with fewer vertices 
than G. Now G is an absolute planar retract: If G is a subgraph of H E 9 
and if f: H--f G is a homomorphism, then f restricted to G is an endo- 
morphism of G, i.e., an automorphism a E Aut G. Therefore a-l 0 f is a 
retraction H + G. 
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If there are absolute planar retracts, then there are weakly terminal 
planar graphs, and by the above argument there is an absolute retract G 
such that End G = Aut G. We shall prove that G is vertex-transitive. Let 
g, g’ E V(G), let H be the graph obtained by taking two disjoint copies of G 
and identifying the vertex g of the first copy with the vertex g’ of the 
second copy. Then His a planar graph as each of its blocks is planar, and 
G (say, the first copy of G) is a subgraph of H. Any retraction r: H -+ G 
restricted to the second copy of G defines a homomorphism f: G + G 
(i.e., an automorphism of G) such that f(g’) = g. Edge- and face- 
transitivity of G could also be proved, but vertex-transitivity suffices for 
our argument, for it implies that G is regular, i.e., each vertex of G has the 
same degree d. Since G is planar, d < 5. Winn has proved [5, p. 2241 that 
any maximal planar graph without vertices of degree > 6 is 4-colorable. 
Thus G can be colored with 4 colors. (In fact, a simple application of 
Euler’s formula shows that each regular maximal planar graph has at most 
12 vertices-and is K3 , K4, the octahedron, or the dodecahedron.) To end 
the proof, we note that the existence of a 4-colorable absolute planar 
retract G implies the 4-colorability of all planar graphs: If c: G -+ K4 is 
a homomorphism, then for any H E B there is a homomorphismf: H ---f G 
(G is weakly terminal) and c of is a 4-coloring of H. 
3. 
Assuming the validity of the 4CC, we shall describe the class of all 
absolute retracts. 
THEOREM 2. If every planar graph is 4-colorable, then Q is the class of 
all absolute planar retracts. 
Proof. It only remains to show that each G E Q is an absolute retract. 
Let G E Sz be a subgraph of HE 8. Any embedding of H in the plane 
defines an equivalence p on V(H) - V(G) by 
(h, h’) E p o h, h’ belong to the same face of G. 
In the corresponding partition FI , F2 ,..., F, of V(H) - V(G), there are 
no edges (in H) between Fi and Fj , i # j. Hence we may assume without 
loss of generality that all vertices in V(H) - V(G) belong to a face of G. 
Let a, b, c be the triangle bounding this face, and let a, b, c, d form a 
subgraph of G isomorphic to K4 . Consider the full subgraph S of H 
induced on the set (V(H) - V(G)) u {a, b, c, d}. Take a 4-coloring f of S; 
let r(h) = a iff(h) = f(a), r(h) = b iff(h) = f(b), r(h) = c iff(h) = f(c), 
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r(h) = d if f(h) = f(d), and r(g) = g for all g E V(G). One verifies easily 
that r is a retraction H + G. 
4. 
Consider the following statement: 
(ZH) There exists an integer k such that each planar graph X has 
a homomorphic image YE B with at most k vertices. 
If (ZH) were true (and such a k found), then the Four Color Conjecture 
could be decided by a systematic examination of all planar graphs with at 
most k vertices; if these were all 4-colorable, then so would be each X E 8. 
If the 4CC is true, then (ZH) is valid with k = 4. If (ZH) is valid, then 
only planar graphs with at most k vertices can be simple, hence the set of 
all isomorphism classes of simple graphs is finite. We have thus proved as 
an application of Theorem 1 that the criterion (ZH) of decidability of the 
4CC is equivalent with the 4CC itserf. 
Remark. In [2, 41 we observed that for several classes of graphs V, 
a retract of an absolute retract is again an absolute retract. If the 4CC is 
valid, then the class 9 violates this property, because 8 is not closed under 
taking retracts: 
A retraction of a graph in Q onto a subgraph not belonging to 8. 
Consequently, we extended the list of statements (l)-(4) equivalent with 
the 4CC to 
(5) VW 
(6) The class of all absolute planar retracts is not closed under 
taking retracts. 
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